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Abstract

This note describes the transformation of a particular Gaussian process in R?
by a submersion to R?. The resulting process (z,y) is a time-homogeneous
Markovian martingale for which (x¢,y:) is Gaussian for every ¢ > 0 and the
covariance matrix of (x4, y;) is exponentially increasing in ¢.
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1. Introduction

Let £ > 0. Let W= (W? /V[7§, /WE) be a Brownian motion, and define
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G = / (€ /2(t=s) g7
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and
T =2Tcos&Z — ysinéz
y=2IsinézZ + ycoséz.
In Sections 2 and 3, we will show the SDE satisfied by (x,y) and the moti-

vation for the map (Z,%,%2) — (z,y). In Sections 4 through 6, we will show that
(z,y) satisfies the description of the abstract.
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2. The SDE
The process (7,7, 2) satisfies the SDE
dz = (£2/2)z dt + dW®
dj = (£2/2)gdt + dW?
dz = dw”>.

Define

we = /t cos 2, AW? — sin €2, dWU — &y, dW?
0 V1 E2y2
b sin €2, d/Wf + cos €7, dwg + &xs d/WSE

Then W?* and WY are Brownian motions with infinitesimal correlation

Wy =

—&Ey
\/1 + §2x2\/1 + £2¢2

and (z,y) satisfies the SDE

dr = +/1+ &2y2 dW*
dy = /1 + €222 dWY.

3. Isometric action and Riemannian submersion
If we define
Ro(Z,y) = (T cos&h — ysinh, Tsinh + ycos &)

and
AH(‘(/E\a :/U\, /Z\) = (R9(EE7 @\)72_ 9)7

then A is an isometric action on R® whose orbits are helices. If we then
parametrize the two-dimensional quotient of R by this action by the inter-
cept of the orbit of (Z,7,2) with the (Z,%) plane at the point Az(Z,7,Z2), then

the projection map is given by

0(Z,7,2) = Rz(Z,y) = (Tcos€Z — ysinéz, Tsin€Z + ycoséz) = (z,y).

The Euclidean dual metric of R? is pushed forward by ¢, via ¢* pulling back

covectors, to the dual metric on R? given by the matrix
("] - [¢7]
which is

14+ &%y —&ay
~Cay 1+ %7



That is, ¢* : T*R? — T*R? respects this dual metric on R? and the Euclidean
dual metric on R3. Tt follows that ¢, is an isometry from the orthogonal com-
plement of its kernel in TR? onto TR2. So ¢ is a Riemannian submersion. See
Chapter 9 of Besse (1987). A direct calculation shows that the Gaussian cur-
vature of R? with this dual metric is positive. The unusual property of ¢ as a
nontrivial dimension-reducing submersion, that it respects the dual metrics of
its codomain and domain, is due to its construction as the projection map for
the quotient of a Riemannian manifold by an isometric action.

4. The Markov property

Following Section 6 of Chapter 10 of Dynkin (1965), we will show that (z,y)
is a Markov process and derive its transition density. We will write a or B\ to
represent values of (7,7, z), and we will write « or 3 to represent values of (z,y),
where convenient.

The process (Z,y, z) is Markovian and time-homogeneous. See Section 8 of
Chapter 4 of Tkeda and Watanabe (1989) and Chapter 7 of @Oksendal (2003).
Let p(t, a, B) be its transition density. We define the Borel measures v{* on R?
by

A0 = [ 50.8.5)d
.

In order to show that l/ta is absolutely continuous with respect to the Lebesgue
measure, we define ¢(8) = A_5 (51, B2,0), which is a diffeomorphism R3 — R3
with dety* = 1 satisfying

(‘p o 1/’)(31732753) = (31732)-

So if the Lebesgue measure |I'| of T is zero, then
T D) = [ e I =[(po) (D) =L xRy | =0

so that »¥(T') = 0. Therefore ¥ has the density

.37 = Jim 1 / IR CLL
where the sets I' are balls centered at f3.

In the remainder of this section, we show that p(¢t,a,8) = p(t,a’,f) if
p(@) = p(a’), so that (x,y) = ©(Z,7,%) is Markovian and time-homogeneous
with transition density

p(t o, B) = plt, @, B)
for any @ € ¢~ !(«), as in Theorem 10.13 of Dynkin (1965).

Let vy = var(zy) = var(yy) = (1/£%)(exp(£%t) — 1). Define ¢; = exp(£2t/2)
and f;(Q) = (c;Q1,c¢Qi,Q3), and define the inner product u(t) on R3 by the
matrix

1/’Ut 0 0
0 1/v; 0
0 0 1/t



Then
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since Ay is an isometry of Ri ) for every 6.

Now choose &’ € ¢~ !(¢(@)). Then there exists A € R such that &’ = A,(aQ).
Note that Ay and f; commute. So the norm in the integrand of p(¢, a’, 8) is

|(B1, B2,0) — Ag f1 (Ax(Q))|ur) = |(B1, B2,0) — Agn fe(@)] (e

1817/62a ) Aeft(a)‘i(t)) df

and
~ryp 1 1 ~~\12
p(t7avﬁ) \/W/exp <_§‘(517ﬁ2a0)_A9+)\ft(a)|ll(t)) df
1 ~
= \/m R ( %‘(517ﬁ2a ) A@ft(a)|i(t)) do
=p(t, @, ).

So (z,y) is Markovian and time-homogeneous with transition density

(t aaﬁ) ( (Oél,ag,()) ﬁ)

J%rwa/‘m

(=2(18 = cRoa|* vy + 67 /1)) df.



5. Gaussian distribution

The density of (z,y) is

1 — 1182 2
PL08) = / exp (—L(I82 fur + 62/1)) d6

= WGXP (_%|5|2/Ut) .

So (x¢,y:) is Gaussian with covariance matrix
(0 0
0 V¢ ’

6. The martingale property

A direct calculation shows that
[ pupttapas =
R2

using the fact that E(coswy) = exp(—w?/2) if 7 is a standard normal variable.
We similarly observe that [ |Bx|p(t, o, 3)dp is finite for every ¢ > 0 and every
a € R%. So if we define the bounded functions f¥(8) = min(max(Bx, —n),n)
so that f* converges to the map 3 ~ 4 as n increases without bound, then
a direct application of the dominated convergence theorem and the conditional
dominated convergence theorem shows that

E((@tshs Yern) | F2) = im E@YO (£l (@, y1), f2 (2, yn)) = (24, ye)

where F is the filtration generated by (z,y). Since E(|(x¢,y:)|) is obviously
finite, (x,y) is therefore a martingale.
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